For a large class of reaction-di usion systems on the plane, we show rigorously that typically m-armed spiral waves bifurcate from a homogeneous equilibrium when the latter undergoes a Hopf bifurcation. In particular, we construct a nite-dimensional manifold which contains the set of small rotating waves close to the homogeneous equilibrium. Examining the ow on this center-manifold in a very general example, we nd di erent types of spiral waves, distinguished by their speed of rotation and their asymptotic shape at large distances of the tip. The relation to the special class of -! systems and the validity of these systems as an approximation is discussed.
Introduction
We study reaction-di usion systems U t = D4U + F( ; U); U(x; t) 2 R N ; 2 R p (1.1) on the plane x 2 R 2 . The N-dimensional vector U typically describes a set of chemical concentrations and temperature, depending on time t 2 R and the space variable x. The parameter is a p-dimensional control parameter which shall allow us to create instabilities of spatially homogeneous equilibria. We are interested in rotating wave solutions U(t; x) = U(0; R ct x); c 6 = 0, where R ' is the rotation in R 2 around the origin with angle ' 2 R=2 Z .
Our analysis will show that this class of solutions appears naturally via some type of Hopf bifurcation. Moreover the spatial structure resembles n-armed spiral waves.
Experimentally this type of spatio-temporal pattern has been observed frequently in chemical, biological, physiological and physical experiments (e.g. the Belousov-Zhabotinsky reaction, the catalysis on platinum surfaces, electro-chemical waves in the cortex of the brain, signaling patterns of the slime mold and the Rayleigh-B enard convection). Nevertheless a rigorous treatment of existence and creation is still not available { for various reasons. Spiral waves are typically observed in spatially extended oscillatory processes. Near Hopf bifurcation points the dynamics of these processes is approximated by Ginzburg-Landau equations or -!-systems 1, 10] . This has been shown using formal asymptotic methods; see 1] for example. Recently a rigorous proof of the approximation property of GinzburgLandau equations has been given by Schneider; see 21] . The important property of the approximating equations is a decoupling of Fourier modes which was exploited by several authors in order to construct spiral wave solutions 1, 5, 7, 11] , though the methods are still formal or do not cover the typical nonlinearities appearing close to bifurcation points. Of course a treatment of Hopf bifurcation using classical bifurcation methods with symmetry is not possible because neither center-manifolds exist nor Lyapunov-Schmidt reduction can be applied, due to continuous spectrum. Another explanation is provided by the fact that the symmetry of the reaction-di usion equation, the Euclidean symmetry, does not have bounded nite dimensional representations; see 12] for an approach to GinzburgLandau equations exploiting symmetry. In spatially extended systems including only one unbounded spatial variable, typically cylindrical domains, the continuous spectrum can be avoided by restricting to steady state solutions and considering the unbounded spatial variable as a new time direction. This approach was introduced by Kirchg assner 9] and applied to various interesting problems in mechanics, uid dynamics and physics; see for example 13, 17] . Unfortunately, considering systems with several unbounded directions, this method becomes less successful; see however 14] . We adopt the idea of spatial dynamics, now considering the radial direction in polar coordinates as a new time variable, in order to describe the spatial structure of rotating waves by a surprisingly nite dimensional non-autonomous ODE on a center-manifold. In particular any small bounded solution to this ODE corresponds to a rotating wave of the original reaction-di usion system. This approach allows us to describe systematically the creation of rotating waves from homogeneous equilibria of reaction-di usion systems. The paper is organized as follows. In the next section we x the abstract functional analytic setting in which we formulate a center-manifold reduction theorem. This theorem, our main result, is stated in section 3 and proved in the subsequent two sections. The key to the proof are exponential dichotomies which are proved to exist in our functional analytic framework in section 4. In section 6 we comment on a localization of our main theorem using cut-o procedures and we brie y discuss regularity of solutions in section 7. The last important abstract result is stated in section 8, where we formulate and prove the existence of a larger manifold, containing solutions which might be singular at the origin. This manifold is tangent to a subspace which is independent of time (alias the distance to the origin in R 2 ) and therefore allows to derive explicit bifurcation equations. We conclude by applying our results to a model problem in the remaining sections.
The abstract setting
Introducing polar coordinates x = (r cos '; r sin '), the equation for rotating wave solutions of (1.1) becomes D(U 00 + 1 r U 0 + 1 r 2 U '' ) + F( ; U) = cU ' ; (2.1) where 0 = @ @r ; ' 2 S 1 = R=2 Z , r 2 (0; 1) and c is again the speed of rotation.
We suppose that for an initial parameter value 0 we are given a spatially homogeneous equilibrium U 0 ( 0 ) which solves F( 0 ; U 0 ( 0 )) = 0. As we are merely interested in Hopf bifurcation we suppose that this solution can be continued in to a branch U 0 ( ) which we can assume without loss of generality to be the zero solution.
To sum up we suppose that F( ; 0) = 0 and D = D > 0.
Note however that the rst assumption is merely a simpli cation for clarity of the statements and the second assumption might be generalized slightly. As a most elementary example, which is discussed in section 9, the reader might think of D = id and F( ; U) = iU + O(jUj 2 ); U 2 R 2 ' C . (iv) symmetry: the manifold M is invariant and the ow on M is equivariant under the diagonal action of SO(2) on X = H l+1 H l .
Remarks:
(i) Let us emphasize that the operator D4 + @ ' has continuous spectrum close to the imaginary axis which makes a standard, nite-dimensional bifurcation approach to the dynamical reaction-di usion problem impossible.
(ii) We will later give expansions for the spaces E c ( ) at = 1 and describe how to obtain expansions for M. ( iii) It is possible to treat the case of F depending on ru with the same methods.
Indeed, both components of the gradient, u r and 1 r u ' , are bounded with respect to j(u; u r )j X .
(iv) A slight generalization could be obtained by the use of interpolation spaces between X and D(A( )). We avoided these additional technical di culties for the sake of clarity.
(v) Making larger it is possible to allow singularities of the rotating waves at the origin, a phenomenon which is frequently attributed in the literature to spiral waves. The manifold will be larger if we allow for this type of solutions, but still nitedimensional. However, the point in this work is, that even spiral wave like solutions without singularities at the tip are created via Hopf bifurcation. 4 The linearized equation We will later see how we can give a more explicit representation of the evolution operators in terms of Bessel functions. This will also show why the uniqueness assumption from 16] is automatically satis ed in our context because the linear equation splits into an in nite product of ODE's, which are all uniquely solvable { in forward and in backward time.
4.2
Bounded solutions for ! +1
The situation at = +1 is considerably more di cult as B ;c is no more -uniformly bounded with respect to ? 
Proof:
Step1: Fourier Ansatz
The proof of this lemma is the central part of our analysis. Complexifying X, the subspaces By the above considerations we see that it is su cient to construct the evolution operators on E k ,and uniform exponential bounds on the norms in E k will carry over to X .
Step2: Projections
According to the remarks in section 2, we decompose E k into E k c;+ = P c + E k and E k h;+ = (1? As B k ;c does not have eigenvalues on R ? , we can use the standard square root cut along R ? .
Moreover the norm juj E k is equivalent to jũj C N +jvj C N : Note that here we omitted the factor k l , as it is independent of time and does not change the equations to be considered below. We write = 1= and L( ) = (k 2 2 + B k 0 ;c 0 ) 1=2 . In the new variables, the di erential Therefore the spectrum ofL 0 lies in the right half plane, uniformly bounded away from the imaginary axis, and we can diagonalizeL 0 by a transformation which is independent of and k to obtain je ?L 0 jL ?1 0 jt j L(C 2N ) C 2 e ? 2 t ; t > 0 for some constants C 2 ; 2 > 0, independent of ; k. By The nonlinear part ofF mod has an arbitrarily small Lipschitz constant if we make 0 sufciently small, and thereby satis es the conditions of Theorem 1. Any solution on the center-manifold to the modi ed nonlinearityF mod , which has norm sup ju( )j X small enough, will have sup ju( )j H l+1=2 small such that the modi ed nonlinearity coincides with the original nonlinearity on the solution u( ), which is in consequence a solution to the original equation. Note that bounds on the norm in X are by construction of M equivalent to bounds on the norms of the projection of the solution on fE c ( ); 2 Rg.
Regularity of solutions
The solutions u(r; ') we obtain are bounded in X . By the smoothing property of the equation (which can be considered for any l, without changing M), any solution is actually of class C 1 with respect to r > 0 and ', if F is { though M is not C 1 in general! As r ! 1, the angular derivatives @ m ' u(r; ') are bounded for any m, which implies that the derivatives along curves r const with respect to arclength rd' are of order 1=r m : patterns are slowly varying in the angular direction far away from the origin.
At r = 0 we have to be careful about smoothness of the solution. Suppose rst that E c ( ) does not contain solutions in the angular homogeneous subspace E 0 . Then solutions in E c ( ) are O(r) = O(e ) as r ! 0 and smooth in a neighborhood of the origin by interior elliptic regularity. The homogeneous subspace can be { and has been { treated separately studying the ODE on Fix(SO(2)). Indeed there is a subspace of dimension N with solutions which actually stay bounded, whereas solutions outside this subspace have singularities of order log r.
On the other hand, considering again -dynamics in M, this subspace of homogeneous functions is bered by strongly unstable bers such that any solution in M converges with rate O(e ) to a solution in the homogeneous subspace and inherits its regularity. 8 Center-manifolds at in nity We write U as a complex Fourier series U(r; ') = P k2Z U k (r)e ik' . The spaces E k are just the complex two-dimensional spans h(e ik' ; 0); (0; e ik' )i. The operator B ;c acts on E k as multiplication B k ( ; c) : U k ! (cik ? i! ? )U k . Thereby E c (r) E k 0 if c 0 k 0 = !. In other words, for any k(-armed spiral) there is a rotation speed c = !=k such that rotating waves with this speed may bifurcate. Our analysis has shown that for other wave speeds, the homogeneous state is isolated as a rotating wave.
Let us comment on the symmetry. The ow on M projected on E c (r) E k is equivariant with respect to the action of SO (2): (U; U 0 ) ! (Ue i ; U 0 e i ); 2 R=2 Z' SO (2): This is exactly the same symmetry that authors usually assumed to be present in bifurcation equations, the so-called ( ; !)-systems, modeling the creation of spiral waves; see 1]. We showed rigorously that the symmetry of ( ; !)-systems, without any error term, is present in this type of bifurcations.
The actual solutions U = U k (r)e ik' of the linearized system in E c ( ) are easily calculated:
they solve (U k ) 00 + 1 r (U k ) 0 = (k 2 =r 2 )U k and are given as U(r; ') = U c r k e ik' ; U c 2 C . Note that the invariant complement in E k , spanned byŨ(r; ') =Ũ c r ?k e ik' ;Ũ c 2 C converges as E c (r) to the same limit f(U; U 0 )jU 0 = 0g. This is the reason why we constructed M c (ii) calculate the quadratic (in w 0 ) expansion of M c + depending on time; this is zero, due to the absence of quadratic terms in the reaction. Disregarded all our e orts in reducing and simplifying the problem, this equation is in general still hard to solve analytically. In the following section we study this problem, obtaining existence of bounded solutions w(r) (and thereby solutions (u(r; '); v(r; ')) to (10.1)), when a 0 is almost real. This is actually the approach taken by 7, 11], who deal with a similar system.
By our explicit calculations, the imaginary part of a 0 will be small if the di usion rate or the parameter is close to zero.
The rst condition has an interesting interpretation as the limit d 2 ! 0 is exactly the interesting limit in excitable media, though we admit that our equation is di erent from the typical models for excitable media (the null-clines of u ?au 3 ?v are symmetric to the origin whereas this is not the usual assumption for excitable media, modeled for example by the Fitz-Hugh-Nagumo equation). We refer the reader to the interesting, though formal, work on spiral waves in excitable media reviewed In this sense, we have established a rigorous proof of the validity of approximations of reaction-di usion systems by -! systems, at least when we restrict to the question of existence of rotating wave solutions. This was proved up to now only using formal multi-scale methods. The advantage of our approach is that it gives rigorous proofs and information on the domain of validity in parameter space of such kinds of approximations. For the non-autonomous system, we can interpret the manifold M as a shooting manifold, which is two-dimensional in (w; w 0 )-space at any xed time r, invariant under the symmetry and therefore yields a one-dimensional shooting curve in the reduced phase space (z; R).
We focus here on asymptotically stationary behavior where the shooting curve intersects the stable manifold of an equilibrium of (11.1). These are possibly not the only asymptotic shapes at large distances from the center of rotation but they seem to be of su cient physical relevance making reasonable such a restriction. In the following, we distinguish two di erent cases which we refer to as the subcritical case, when a R > 0, and the supercritical case, when a R < 0. These terms are justi ed by the branching of equilibria of (11.1) at I = a I = 0. In our model problem of the preceding section, these two cases are distinguished by the sign of a(1 ? ( 2 ? 1)= 2 ).
We now study the real sub-system in the non-autonomous setting. Proof: We suppose a R = 1 and R = ?1. In the real subspace at I = a I = 0, the heteroclinic orbit joining the origin at r = 0 to the origin at r = 1 is transverse by Lemma 11.2. Transverse to the real subspace, the origin is unstable at both, r = 0 and r = 1: the heteroclinic is non-transverse in full-space. We now need the parameter I (alias the speed of rotation) in order to obtain connections for speci c values of the parameter I = I (a I ). For this it is su cient to show that the Melnikov integral with respect to the parameter I along the heteroclinic does not vanish. The adjoint variational equation along the heteroclinic has a unique (up to scalar multiples) bounded solution which lies strictly in the half space z I > 0, because z I = 0 is invariant. The derivative of the vector eld with respect to I in the direction of this half space is just 1, which proves that the Melnikov integral is non-zero. In other words we can push through the stable and unstable manifolds by the help of I with non-zero speed. This proofs the proposition.
Conclusions
For a large class of reaction-di usion systems we have shown the existence of spiral wave solutions. In contrast to the previous results on -! systems, our reduction to a nonautonomous ODE is not based on the assumption that Fourier modes decouple. We merely show that, close to the threshold of instability of a homogeneous equilibrium, there is some kind of decoupling. The interaction between critical modes is in a smooth sense of higher order then the projection on the critical modes. Compared to similar reduction methods, technical complications arise here because the problem is non-autonomous, even in the principal part (from a regularity point of view). As another advantage of our method we are able to determine explicitly coe cients in our bifurcation equations. These are in general still hard to analyse analytically { we considered a simple but interesting model problem in the last section { but can easily be studied numerically. The reduction procedure can be applied to other problems, possibly involving higherdimensional center-manifolds. A systematic treatise of such equations (as known for elliptic problems in in nite cylinders, exploiting reversibility, integrability and normal forms of the reduced bifurcation equations) would be interesting. The rotating waves we discover are of various shape, depending on the nature of the bifurcation. In supercritical bifurcations, they are approximately archimedian spirals at large distances from the tip. Indeed, the derivative of the phase of u is given by z I and approaches for large values of the radius r a constant but non-zero value. As a subtle di erence we noticed that in the supercritical case there are two di erent types of asymptotic states, given by the two di erent types of equilibria z I = p ? I =a I ? 1 (see the preceding section). For the rst type, z I approaches its limit value exponentially at a uniform rate with respect to I , whereas for the other type the exponential rate is close to zero. The sign of z I has another important interpretation. If z I is positive, then the arms turn in the sense of the rotation of the spiral; at a xed ray, under time evolution of the reaction-di usion system, the arms move towards the center of rotation. Similarly, z I < 0 corresponds to an outwards movement of the arms. Therefore the waves, appearing for discrete wave speeds move outwards if a I < 0 and inwards if a I > 0.
The rotating waves bifurcating subcritically are isolated as rotating waves and appear for distinguished speeds of rotation. Their shape at large distances from the center of rotation is determined by the phase varying according to ' e ?const r and their amplitude decaying to zero exponentially. Though we do not carry out here a stability analysis, we comment on the di erence between sub-and supercritical bifurcation. Linearizing the reaction-di usion system along the subcritical waves in say L 2 (R 2 ; R 2 ) gives us a linearized operator for the period map whose continuous spectrum is strictly contained in the left half plane, bounded away from the imaginary axis. Zero is (at least) a triple eigenvalue due to the euclidean symmetry, generated by rotation and translations. An analysis of secondary bifurcations from this type of spiral waves, including meandering and drifting waves has been carried out in 19, 20] and 4]. The linearized period map along supercritical waves has zero in the essential spectrum and rigorous stability proofs seem to be hard. Hagan showed 7] that one-armed spiral waves might be stable whereas multi-armed waves (k 0 6 = 1) should be unstable.
